Let (W, S, Γ) be a Coxeter system: a Coxeter group W with S its distinguished generator set and Γ its Coxeter graph. In the present paper, we always assume that the cardinality l = |S| of S is finite. A Coxeter element of W is by definition a product of all generators s ∈ S in any fixed order. We use the notation C(W ) to denote the set of all the Coxeter elements in W . These elements play an important role in the theory of Coxeter groups, e.g. the determination of polynomial invariants, the Poincaré polynomial, the Coxeter number and the group order of
§1. Some properties of Coxeter elements.
Let (W, S, Γ) be a Coxeter system. We shall first make some reductions for the computation of the number c(W ). By abuse of notations, we shall identify an element of S with the corresponding vertex of Γ. be any reduced expression of an element w ∈ C(W ) with t i ∈ S. We define φ (w) = φ(t 1 )φ(t 2 ) · · · φ(t r ). By the above remark, we see that the map φ is well-defined and bijective.
From this result, we see that the number c(W ) depends only on the underlying graph |Γ|, but not on the particular labellings of the edges of the graph Γ, where the graph |Γ| is obtained from Γ by forgetting the labellings of all the edges. So from now on, we shall identify a graph Γ with its underlying graph |Γ|. Notice that a Coxeter graph Γ is always a simple graph, i.e. it contains no loop and no multi-edges. A graph mentioned in the present paper will be assumed simple.
The next result will reduce the problem to the case when the graph Γ is connected. 
Proof. Notice that for any i = j in {1, 2, · · · , n}, the elements of W i commute with those of W j . So each Coxeter element w of W can be expressed uniquely in the following form:
Conversely, any element of W of the above form is in the set C(W ). Hence our result follows easily from these facts. An orientation of a graph G is a directed graph (or digraph for brevity), which is obtained from G by assigning to each edge an orientation. Then we have actually defined an orientation of the Coxeter graph Γ from a Coxeter element w of W .
1.4
For our further discussion, we need some more terminologies and results in graph theory, which we introduce now. We also refer the reader to [8] for more detailed references.
Let G be a digraph. A vertex v of G is called a source (resp. a sink), if for any vertex Proof. Any vertex of G belongs to some maximal directed path of G which can be shown to start with a source and end with a sink. So (1) and (2) follow. The result (3) is obvious.
The following result establishes a relation between Coxeter elements and acyclic digraphs which is the key to the subsequent discussion.
Theorem 1.5. Let (W, S, Γ) be a Coxeter system. Then there exists a bijection between the set C(W ) of Coxeter elements of W and the set C(Γ) of acyclic orientations of Γ.
Proof. It is easily seen that an orientation of Γ coming from a Coxeter element of W is always acyclic. For any given acyclic orientation α of Γ, we define a Coxeter element w of W as follows. Let I 1 be the set of all elements in S which are sources in α. Inductively, suppose that we have defined subsets I 1 , · · · , I i of S and that the set
is non-empty. Then we define by I i+1 the set of all elements in F i which are sources in the full subgraph of α with F i its vertex set. By Lemma 1.4, we get a sequence of nonempty disjoint subsets I j , 1 ≤ j ≤ p, of S whose union is S. Note that s, t commute for By abuse of notations, we shall not distinct between a Coxeter element of W (resp. the set C(W )) and its corresponding acyclic orientation of Γ (resp. the set C(Γ)).
It is well known that there is a natural bijection between acyclic digraphs and posets.
So Theorem 1.5 also establishes a relation between Coxeter elements and posets. We shall give some detailed discussion on this correspondence elsewhere.
The following corollary is concerned with the condition on a Coxeter element to have neighboring factors s, t ∈ S in one of its reduced expressions. This result is crucial in the proof of Theorem 2.4. (⇐=) It is nothing to prove if l = 2. Now assume l > 2. We claim that there exists some source or sink r in α with r = s, t. For otherwise, the elements s, t would be the unique source and sink of α respectively by Lemma 1.4, (1), (2) and by the first half statement of condition (A). Again by Lemma 1.4, (2), any vertex r in α with r = s, t (which does exist by the assumption l > 2) belongs to some directed path of α from s to t. But this is impossible by the last half statement of condition (A). Now assume that there exists a source r in α with r = s, t. Let S = S \ {r} and let α be the digraph obtained from α by removing the vertex r and all the edges adjacent to r. Then rw is a Coxeter element of the Coxeter group generated by S whose corresponding digraph is α . By Lemma 1.4, (3), we see that α is acyclic, which clearly satisfies condition (A).
By inductive hypothesis, rw has a reduced expression of the form · · · st · · · and so does the element w. The case that r is a sink in α with r = s, t can be discussed in the same way but with rw replaced by wr. §2. A recurrence formula. Theorem 1.5 and its corollary make it possible for us to use graph-theoretic methods in the study of Coxeter elements. We shall deduce some formulae to relate the numbers c(W ) as W varies over some different Coxeter groups. In particular, we get a recurrence formula of c(W ). 
Lemma. In the above setup, we have c(W ) = c(W ).
Proof. Notice that in the above definition of the set S , the orders o(xs) and o(xt) can't be both greater than 2 by our assumption. This implies that there is a natural bijection between the edge sets of Γ and Γ , which induces a bijection between the orientations of Γ and Γ . Since the vertex z does not lie in any cycle of Γ by the assumption on s, t, this bijection induces a bijective map from the acyclic orientations of Γ to those of Γ .
So our result follows immediately by Theorem 1.5.
2.3.
For any s = t in S, we denote by Σ(s, t) or Σ Γ (s, t) the set of all the elements w ∈ C(W ) having a reduced expression of the form · · · st · · · . Then it is easily seen that
Σ(s, t) = Σ(t, s) if and only if s, t are not adjacent. When s, t are adjacent, we have Σ(s, t) ∩ Σ(t, s) = ∅ and |Σ(s, t)| = |Σ(t, s)|.

2.4.
The following is our main result in this section, which can be regarded as a recurrence formula for the number c(W ).
Theorem. Let (W, S, Γ), (W , S , Γ ) and (W , S , Γ ) be three Coxeter systems. Assume that there are two elements s, t ∈ S such that (1) s, t are adjacent in Γ.
(2) Γ is isomorphic to the graph obtained from Γ by removing the edge joining s, t.
(3) Γ is isomorphic to the graph obtained from Γ by fusing two vertices s and t into a new vertex z.
Then we have the relation c(W ) = c(W ) + c(W ).
Proof. We write S = {r | r ∈ S} and S = {r | r ∈ S \ {s, t}} {z}, where r (resp. r ) is the vertex of Γ (resp. Γ ) corresponding to the vertex r of Γ. Let C 0 (W ) (resp.
By Corollary 1.6, we see that Σ Γ (s, t) can be regarded as the set of all acyclic orientations of Γ with s −→ t which contains no directed path of length greater than 1 from s to t. Also, Σ Γ (s , t ) can be regarded as the set of all acyclic orientations of Γ containing no directed path with s , t its two end vertices. On the other hand, C 0 (W ) (resp. C 0 (W )) can be regarded as the set of all acyclic orientations of Γ (resp. Γ ) containing a directed path of length greater than 1 with s, t (resp. s , t ) its two end vertices. Note that in the case of Γ, this directed path determines the orientation of the edge joining s, t. Let η be the map from C(W ) to C(W ) defined by removing the edge joining s, t from any element of C(W ), where we regard C(W ) (resp. C(W )) as the set of acyclic orientations of Γ (resp. Γ ) and regard Γ as a subgraph of Γ. Then it is clear that η induces bijections from Σ Γ (s, t) (resp. Σ Γ (t, s)) to Σ Γ (s , t ) and from C 0 (W ) to C 0 (W ). Thus by the observation of 2.3, to show our result, it is enough to establish a bijection between the sets Σ Γ (s, t) and C(W ).
We observe that if w ∈ S \ {s, t} is adjacent to both s and t, then for any acyclic orientation of Γ in Σ Γ (s, t), the relations w −→ s and w −→ t either both hold or both Γ (s, t) . Therefore we get a map λ from C(W ) to Σ Γ (s, t). We see that λ is the inversing map of ψ and hence ψ is bijective.
For a graph G, we denote by v(G) (resp. e(G)) the number of vertices (resp. edges) of Keep all the notations given before. In particular, let (W, S, Γ) be a Coxeter system.
In this section, we shall use the results of the previous sections to deduce some closed formulae for the number c(W ) in some special cases.
The following two extreme cases are the simplest ones.
The next simplest cases are a tree and a cycle. Proof. We know that the number of orientations of a graph Γ is equal to 2
e(Γ)
. When Γ is a tree, all the orientations of Γ are acyclic. When Γ is a cycle, all the orientations are acyclic except for two directed cycles. So our result follows by Theorem 1.5. Now we want to deal with some slightly complicated cases. To do this, we need first establish two propositions. (1) Let Γ =
•----•----• •--•--•--•--• •
Then by Theorem 2. 
